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System consisting of a number of trapped atoms evolving under the influence of external inho-
mogenous magnetic field undergoes spin dephasing: classically, since each atom feels different field
along its trajectory, the spin rotation rates differ; as a result the average spin decays. In a quantum
mechanical context this corresponds to entanglement of spin and spatial degrees of freedom and
nontrivial internal spin dynamics. The spin dephasing can be prevented by tuning the interaction
between the atoms. This phenomenon, called spin self-rephasing, has been observed experimentally
and can increase the coherence time by a large factor. While such systems have been studied from
a semiclassical point of view, a quantum mechanical description is limited, especially in the case of
entangled states. In this work we provide a numerical simulation of an ab initio model and provide
realistic examples of spin self-rephasing used to counteract the effect of inhomogenous magnetic
field. We analyze in particular the joint effect of magnetic field inhomogeneity and interactions on
the coherent and spin squeezed states evolution.
PACS numbers: 03.75.Gg. 03.65.Ud, 03.67.Bg, 03.75.Dg,
One of the fundamental limitations of precise measure-
ments is noise introduced by the measurement statistics:
if one tries to estimate expectation value of a classi-
cal random variable φ, the variance of an estimator di-
minishes with number of independent experiments N as
square root, ∆2〈φ〉 ∝ N−1/2. The spectacular success of
the quantum information is utilization of entangled states
to beat this limit – unlike the classical case, quantum cor-
relations between parts (classically: different runs) can
decrease the variance [1]. The gravitational wave detec-
tors soon are going to utilize the squeezed state of light to
capture the tiny signal coming from the collision of the
massive astronomical objects; the squeezed states were
also used in the prototypes of the magnetometers, capa-
ble to scan the magnetic field fluctuations varying in the
micrometer scales [2].
In general, quantum correlations increase the preci-
sion of devices measuring unknown parameter φ of to-
tal system Hamiltonian (e.g. magnetic field strength)
– this value can be inferred from experiment outcomes
(e.g. realizations of Sx spin projection measurements)
with lower uncertainty: for N subsystems, like qubits or
atoms, ∆2〈φ〉 ∝ N−1 – so-called Heisenberg limit [3].
Squeezed state is not the only example: one can satu-
rate the Heisenberg limit initiating the particles in the
interferometer in a Schrödinger cat state [4].
However, the strongly correlated states are very fragile
and due to their sensitivity to external disturbances, even
small amount of noise can completely destroy the quan-
tum correlations, making their applications questionable.
In this respect there are very discouraging theoretical re-
sults showing that in the presence of any noise, the pre-
cision scales asymptotically like 1/
√
N with at most con-
stant factor improvement [5]. Therefore the huge benefits
of entangled states can be reached only in non-asymptotic
limit, for short-time interferometers and when we are re-
stricted to a fixed number of qubits. The larger noises,
the shorter the duration at which the highly entangled
state can be of importance. Here we search for improve-
ments by studying the microscopic, ab initio model with
decoherence to benefit from usually not-accounted mech-
anisms.
In practice the noises are often attributed to an uncon-
trolled fields coupled to qubits, like electromagnetic field,
which cannot be fully erased by shielding. Is it possible
to mitigate the effect of such phenomena?
It turns out that one can benefit from the effect imposed
by the quantum statistics and short-range interactions,
leading to the famous spin self-rephasing [6, 7]. It was ex-
perimentally demonstrated that this effect may increase
coherence time by orders of magnitude of the coherent
state used in the experiment.
Here we address the question whether these techniques
can be applied to the strongly correlated atomic sources
(useful in the context of interferometry), trying to eluci-
date the role of the quantum statistics in preserving the
quantum correlations in systems of interacting, trapped
atoms coupled to magnetic field.
The paper is organized as follows. In the Sec. I
we present our model of N interacting two-level atoms
trapped in the harmonic trap and in the presence of the
inhomogeneous magnetic field. The first results are given
in Sec. II, devoted to the simplest case of the ideal gas.
In this section we discuss how the quantum state loses
its coherence due to the inhomogeneous magnetic field
and how the process depends on the quantum statistics.
In the Sec. III we turn to the interacting case, in which
the spin self-rephasing occurs. We show how the interac-
ar
X
iv
:1
90
7.
11
28
2v
1 
 [q
ua
nt-
ph
]  
25
 Ju
l 2
01
9
2tion keeps the spin state completely symmetric, therefore
blocking the dephasing. On the other hand, the mech-
anisms does not ensure that the desired properties (e.q.
visibility, squeezing parameter) are preserved. This leads
to the central part of the paper – study whether the in-
teractions can be employed to protect entanglement. We
answer this question by giving an example of the squeezed
states, whose squeezing is preserved in certain window of
interaction. Discussion of the results follows in Sec. IV.
I System description. We study a thermal cloud
of N bosonic two-level atoms trapped in a harmonic 1D
trap, which internal degrees of freedom are spanned by
two hyperfine states, which we denote by |↓〉 and |↑〉 (in
physical realizations different atoms and internal states
are used). The magnetic field is assumed to be non-
uniform. We focus on dynamics in which an equilibrated
system, a thermal cloud of N atoms in |↓〉 is suddenly ini-
tiated in a certain state of the internal degrees of freedom
|ψspin〉, assuming unchanged spatial degrees of freedom:
ρˆ(t = 0) = ρˆthermal ⊗ |ψspin〉 〈ψspin| , (1)
where ρˆthermal is the initial spatially thermal state [8].
Such family of states covers the typical ones, in which by
pi/2 pulse the atoms are in the spin coherent state with
|ψ〉 equal to ⊗Ni=1
( |↓〉i+|↑〉i√
2
)
or squeezed states generated
by two-axis counter twisting dynamics [9]. This is stan-
dard initial state of atomic interferometers, where the
fundamental quantity is the coherence
C :=
∣∣∣~S∣∣∣ = √〈Sˆx〉2 + 〈Sˆy〉2, (2)
useful when the dynamics takes place on the equator of
Bloch sphere (〈Sz〉 = 0), which is the case in typical
scenarios. The above is expressed with the help of the
collective spin projection operators:
Sˆx :=
N∑
i=1
σˆx,i Sˆy :=
N∑
i=1
σˆy,i Sˆz :=
N∑
i=1
σˆz,i. (3)
The dynamics is generated by the Hamiltonian:
Hˆ =
N∑
i=1
(
− ~
2
2m
∂2
∂x2i
+ V (xˆi) + Hˆ
(i)
B
)
+
∑
i<j
Vˆ
(i,j)
int . (4)
The first sum in the Hamiltonian (4) contains a sum of
the single particle contributions, with a harmonic exter-
nal potential V (xˆ) = 12mω
2xˆ2 and a non-uniform mag-
netic field. We will show results for the case B(x) =
b0 + b1x + b2x
2 polarized along Z direction. Therefore,
the operator HˆB expressing the energy in magnetic field
takes the form
Hˆ
(i)
B := ∆µB(xˆi) σˆz,i, (5)
where the coefficient ∆µ has the meaning of the differen-
tial magnetic moment between the states |↓〉 and |↑〉. The
second sum in (4) expresses the energy arising from the
interaction between atoms. We focus on the short-range
interactions modeled by delta functions. There are three
channels of such interaction, depending on the internal
levels of the interacting atoms. Therefore, the interaction
potential
Vˆ
(i,j)
int := δ(xˆi − xˆj)
(
g00Pˆ
00
i, j + g11Pˆ
11
i, j + g01Pˆ
01
i, j
)
, (6)
depends on the projectors Pˆσσ
′
i, j which restrict the i-th
and j-th atoms to the subspace with one atom in |σ〉 and
one atom in |σ′〉.
The position dependent magnetic field, which results
in the decay of coherence, has three contributions in our
model. The uniform part b0σz only shifts the energy lev-
els. This term alone would only rotate the whole state
|ψ(t)〉 = e−i∆µ b0tSˆz/~ |ψ(0)〉; since it commutes with ev-
ery other part of hamiltonian, it may be removed by con-
sidering the state in the rotating reference frame. Be-
cause it introduces only trivial dynamics, we employ this
procedure and set b0 = 0.
The term b1x σˆz,i shifts center of the trapping har-
monic potential depending on the internal state. Fi-
nally b2x2 σˆz,i modifies the trap frequency ω into ω′ :=√
ω2 + 2∆µb2 〈σˆz〉 making it also state dependent. We
restrict our consideration to small magnetic field, such
that ω2  ∆µb2 – often encountered scenario in the ex-
periments.
II Noninteracting case: role of the quantum
statistics Due to the non-uniform quadratic fields one
has to deal with two harmonic potentials Vσ(x) dedicated
to atoms in |σ〉, with σ =↓, ↑. We will designate eigen-
states (Hermite functions) for these two potentials as
|φn,σ〉. In the ideal gas case, the only effect of the linear
term
∑
b1xˆσˆz,i is the relative shift between the eigen-
states |φn,↑〉 and |φn,↓〉. In the extreme case of strong
magnetic field the two harmonic traps would be sepa-
rated, and then the coherence C would vanish, just due
to vanishing overlap between clouds of atoms in differ-
ent internal states. For small magnetic field, being the
subject of this paper, the linear term is less significant
than the quadratic term
∑
b2xˆ
2
iσz,i, as discussed below.
The quadratic term in the magnetic field is also an ex-
perimental issue [6] .
We first show on the example of one qubit how the
presence of the state-dependent potentials leads to the
contrast decay in time. For one particle, initially in a
pure state |ψ(x; t = 0)〉 (|↓〉+ |↑〉) /√2, dynamics can be
easily evaluated. The spatial part of the state can be ex-
panded in both bases of eigenstates (separately for σ = ↑
and ↓):
ψ(x; t = 0) =
∑
n
cn,σ |φn,σ〉 (7)
3which leads to a formula for the state at time t
|ψ(t)〉 = e−iHt/~ |ψ(t = 0)〉 =
∑
n
cn,σ e
−iEn,σt/~ |φn,σ〉 |σ〉 ,
(8)
where En,σ = ~
√
ω2 + 2 ∆µ b2 〈σ|σˆz|σ〉(n+ 1/2) are the
eigenstates of the modified harmonic potentials and ωˆ =
The contrast (2) can be written as C = | 〈Sx + iSy〉 |.
Let us denote the term s := 〈Sx + iSy〉; being an expec-
tation value of single-particle operator, it is extensible –
contributions from independent atoms are simply added.
Its value for a single atom in state described by Eq. (8)
is
ssp =
1
2
∑
n,m
c∗n,0cm,1 e
−i(En,1−Em,0)t/~ 〈φn,0|φm,1〉 (9)
We consider only weak magnetic fields. Then the phase
evolution will be more important than the stationary
overlaps, for which we assume 〈φn,0|φm,1〉 ≈ δm,n. If the
inital spatial state is n-th eigenstate of the bare harmonic
potential |n〉, the value determining the constant rotates
on the complex plane: s|n〉sp ≈ 12 exp (−i2∆µb2nt/(mω)).
In this situation the contrast is constant – when more
atoms are added, the situation is changed due to differ-
ent rates of rotation.
The last formula is handy to determine the decay of
the contrast. If the atom was initially in the thermal
state of the bare potential, sthsp ≈ 1−ξ
1−ξ e−i
2∆µb2t
mω
, where
ξ = e−~ω/(kBT ). The computation may be put forward
to a thermal state of many non-interacting atoms: the
composite contrast depends on single-particle contribu-
tions weighted according to the atom occupation,
Cth ≈
∣∣∣∣∣
∞∑
k=0
〈nk〉T
N
s|k〉sp
∣∣∣∣∣ (10)
where 〈nk〉T is the thermal average occupation of the kth
energy level.
Intuitively, the bigger is the spread of atoms energies,
the bigger are the differences between the phases the
atoms accumulate during the evolution. By raising the
gas temperature, we should observe faster decay of the
contrast. An interesting situation is when we fix a tem-
perature and increase the number of atoms. Then one
observes qualitatively completely different behaviors of
the contrast decays, depending on the atomic statistics
one assumes. An example for ideal gas is given in Fig.
1, which shows the role of the atomic statistics – a key
factor in preservation of the coherence.
In the fermionic case, the thermal state in the limit
N → ∞ converges to a many-body state in which each
single particle level up to the energy N~ω is occupied by
a single atom. The spatial and momentum distributions
both widen, leading to quicker dephasing and coherence
decay. In the case of bosons the converse happens. In
the limit N →∞ mostly the single-particle ground state
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Figure 1. (color online) Decay of the coherence (2) of ideal gas
in a thermal state. The decay is due to a quadratic magnetic
field with b2 = 0.05 (in oscillatory units), without the linear
term (b1 = 0). Temperature is kBT = 10~ω and number of
atoms is equal to N = 100 in all three considered cases.
mode becomes occupied – a 1D reminiscence of Bose-
Einstein condensation. The density is then dominated
by the ground state contribution, with all atoms being
in a narrow region of space and momentum. Such gas
dephases at a slower pace as compared to fermions and
distinguishable particles.
III Interacting case – spin self-rephasing. The
interacting case does not admit analytical treatment,
therefore numerical simulations of the dynamics have
been performed.
Due to the interaction three additional parameters do
appear: the interaction strengths g00, g01 and g11, see
Eq. (6). To reduce the parameter space we decided for
the following parametrization[10]:
g00 = g − c,
g01 = g,
g11 = g + c.
(11)
As a motivation for this choice, let us mention some
results in the field of Bose-Einstein condensation of cold
clouds of several two-level atoms. It is known that in
the single mode approximation, when all atoms occupy
a single common spatial orbital, the dynamics in the in-
ternal degrees of freedom is governed by the Hamiltonian
HOAT = χ Sˆ
2
z + χ˜SˆzNˆ , where Nˆ is a particle number op-
erator – a model similar to one-axis twisting hamiltonian
known from [9]. This Hamiltonian leads to nontrivial dy-
namics – a coherent state may become squeezed during
the evolution. In the long time regime (not yet realized
in an experiment) a Schrödinger cat state – superposi-
tion of two orthogonal spin coherent states – appears
[11]. This entangling dynamics would make the model
4more complex and it would be more difficult to draw
conclusions. Therefore we want a system in which the
non-linear term χSˆ2z is small, even though the interac-
tions play an important role for spin-self-rephasing. In
the aforementioned approximation the parameter by Sˆ2z
vanishes when interaction strengths are parametrized as
in Eq. (11): χ ∝ (g00 + g11 − 2g01). Avoidance of the
nonlinearities is the primary cause of this parametriza-
tion.
In real experiment the system is quasi-1D – the gas
is trapped in the strongly elongated harmonic trap.
The corresponding effective 1D model has the coupling
strength g equal to 2~ω⊥a, where ω⊥ is the high fre-
quency of the transverse harmonic potential blocking the
motion in the direction perpendicular to X-axis. As an
example, in the case of Rubidium atoms trapped in the
potential with frequencies (ωx, ω⊥) = 2pi × (17, 14000)
Hz, as in [12], one has g ≈ 0.5 in oscillatory units based
on ωx. Therefore we scan parameter space in the exper-
imentally relevant interval g ∈ [0, 1].
In the next section we will show how the spin-self
rephasing works for this parametrization and the exper-
imentally relevant coupling strengths range.
The spin self-rephasing phenomenon relies on the
proper tuning of the interaction strengths [6] – such that
the energy levels shift in the symmetric subspace (see
Fig. 2) overcomes the effects of the inhomogeneity of the
magnetic field. This energy shift, known as the collisional
shift δcol is approximately equal to |g01|n¯, where n¯ is the
average density of the gas. The effect of the magnetic
field inhomogeneity ∆B also introduces its own energy
shift: approximately the energy originatic from the pres-
ence of the magnetic field 〈Bˆ(x)〉.
Finally the so-called lateral elastic collision energy (see
[6]), Elat = 2g201n¯vT/(3pi
√
pim) should be smaller than
~ω (Knudsen regime) and the collisional energy δcol. We
introduced vT which is the thermal velocity equal to√
kBT/m; T is the temperature. In the simulations pre-
sented in this paper, ∆B and Elat are of the order of 10−2
and δcol is of the order of 1 in oscillatory units.
A Coherent states In this section the state (|ψspin〉 in
Eq. (1)) is initiated as maximal spin projection of Sx;
the aim is to tune interactions in such a way that the
coherence C (Eq. (2)) decays slower.
It has been experimentally demonstrated that the de-
phasing can be substantially blocked thanks to the inter-
action between atoms in the so called spin-self-rephasing
effect [6, 7, 14–16]. In articles following the initial discov-
ery of spin self-rephasing importance of total spin preser-
vation has been studied as well [6]. The original expla-
nation is illustrated by the diagrams in Fig. 2a) in-
volved analysis of two-particle subsystems: initially, the
particles are in triplet spin state; inhomogenous mag-
netic field couples |j = 1;m = 0〉 := (|↑↓〉+ |↓↑〉) /√2 to
the antisymmetric singlet spin state |j = 0;m = 0〉 =
(|↑↓〉 − |↓↑〉) /√2, effectively lowering population of max-
|↑↓〉+|↓↑〉
|↑↑〉
|↓↓〉
∆E
|↑↓〉-|↓↑〉
B(x) ∝ x
a)
∣∣ 1
2
〉
∣∣J = 3
2
, 3
2
〉
∣∣− 1
2
〉
∣∣− 1
2
〉
∆E ∣∣J = 1
2
,+ 1
2
〉
∣∣− 1
2
〉
B(x) ∝ x2
b)
Figure 2. Energy diagram to illustrate the dephasing and the
spin-self rephasing mechanisms for a) two and b) three bosons.
Two (pseudo)spins can be either in the completely symmetric
space (triplet) or in the singlet state; the linear magnetic field
couples the two subspaces. As the subspaces have the same
energies, this coupling leads to a transfer of atoms out of the
symmetric subspace, i.e. to the dephasing. In the case of
quadratic magnetic field, the dephasing mechanism is similar
but three atoms are involved. Interactions between particles
separate the total spin subspaces (J = 1 and J = 0 in a),
J = 3/2 and two copies of J = 1/2 in b), leading to smaller
effective coupling. The figure is an adaptation of the Figure
and explanation given in [13].
imal total angular momentum. As we deal with bosons,
the atoms can be in the singlet states in the internal
degrees of freedom only if simultaneously their spatial
wavefunction is antisymmetric. The interaction energy
coming from the short-range potential is 0 in the singlet
subspace – a result of spatial wavefunction being anti-
symmetric as well. On the other hand if the internal
state of atoms is in the symmetric triplet manifold, then
also their spatial wavefuction has to be symmetric, and
these atoms do interact. Therefore, in the case of in-
teracting bosons energy levels of triplet spin substates
are shifted by ∆E (see Fig. 2), but the energy of sin-
glet case is constant (the spatial state is antisymmetric).
As a result, population transfer is diminished. In the
case of the magnetic field changing quadratically in space
the dephasing mechanisms is slightly more complicated,
as there are at least three atoms needed to demonstrate
the population transfer between total spin subspaces, as
shown in Fig. 2b).
To visualize the above-mentioned transfers of popula-
tion, let us introduce the spin density matrix of a system:
after partial trace of spatial degrees of freedom, only in-
ternal degrees of freedom are left. We can rearrange them
to form the block diagonal spin density matrix, contain-
5ing all of the information useful in quantum metrology:
ρˆspin =

ρˆj=N/2 . . .
ρˆj=(N−1)/2
...
...
. . .
...
. . . ρˆj=jmin
 , (12)
where jmin = 1/2 for odd N , otherwise jmin = 0.
The subspace with the maximal collective (pseudo)spin,
j = N/2 corresponds to completely symmetric states.
Usually in metrological scenarios the state is initialized
so that only ρj=N/2 part is populated (it is the case for
coherent and squeezed states). Population conservation
of this part of spin density matrix is hence a natural goal.
As demonstrated in Fig. 3, in the simulations, the de-
sired behavior is observed: when interactions are present,
a large amount of maximal spin population is preserved.
the number of simulations is summerized in the lower
panel of Fig. 3, showing the map of weights of the maxi-
mal spin subspace at fixed time ωt = 30. By this metric,
total spin is preserved well if high enough interaction
between particles is present; wide range of interaction
strengths works well.
As shown above, interactions help in preservation of
the total spin. To determine how the coherence is pro-
tected in the same scenario, Fig. 4 shows the its dynam-
ics and the map of values of C at fixed instant of time
ωt = 50 in the broad range of interaction strengths. Al-
though the state remained symmetric, apparently its dy-
namics is quite complex, and in many cases its coherence
has been lost. This is caused in part by the small trans-
fer between the symmetric and the other subspaces, but
also the interactions may separate the clouds of atoms in
different internal states (spin-position entanglement) or
introduce strong, here unwanted, quantum correlations.
A natural question arises whether it is possible to use
the spin-self-rephasing to prevent not only the first order-
coherence – already shown in the experiment – but also
more subtle correlations. The simulations performed do
not indicate usefulness in protection of the highly entan-
gled states like the Schrödinger cat state (|N0〉+ |0N〉);
from now on we focus on squeezed states of practical im-
portance in the quantum metrology.
B Squeezed spin states Typical preparation of
squeezed spin state involves utilization of particle-
particle interactions to produce effective Hamiltonian
quadratic in spin components. Few of the examples
are: one axis twisting S2z (implemented in the number
of experiments [17–20]) or two-axis counter-twisting
(TACT) SySz+SzSy. Spin squeezed states are produced
as a result of the evolution. Here we use the TACT
model of spin squeezing, in which the initial squeezed
state is generated by evolution of coherent state |+〉 (the
eigenstate to maximal Sx eigenvalue):
|ψθ〉 = exp (iθ(SySz + SzSy)) |+〉 . (13)
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ωt
T
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j=
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0 0.1 0.2 0.3 0.4 0.5
−0.2
0
0.2
g
c
Trρj=5/2(ωt = 50), N = 5
0.4 0.5 0.6 0.7 0.8 0.9
Figure 3. Top: Evolution of maximal spin population as a
function of time for several interaction strengths denoted in
the bottom image by dots (the noninteracting case is denoted
by thick black line), N = 5, kBT = 3~ω and quadratic in-
homogeneity b2 = 0.01. Quick decay followed by plateau is
visible.
Bottom: Preservation of trace for the same parameters for
time ωt = 50 as a function of interactions parametrized by
mean interaction strength g and c.
The TACT Hamiltonian is used only in the preparation
of the spin state for further numerical evolution accord-
ing to Hamiltonian Eq. (4). During the preparation only
spin degrees of freedom are taken into account (in par-
ticular, inhomogenous magnetic field does not affect the
initial state). Squeezing parameter quantifies the use-
fulness of the state in quantum metrology, as compared
with the spin coherent states [21]. The definition depend
on the choice of direction of spin observation ~n and a
perpendicular direction ~n⊥:
ξ2ψ =
N
(
∆2~S · ~n⊥
)
ψ〈
~S · ~n
〉2
ψ
. (14)
In our calculations we use ~n ∝
〈
~S
〉
. Since 〈Sz〉 = 0
during the evolution and the spin dynamics is con-
fined to equator of the Bloch sphere, we choose ~n⊥ =
(ny,−nx, 0). This variable is a measure of entanglement
between individual spins: if ξ2 < 1, the spins are entan-
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0 0.1 0.2 0.3 0.4 0.5
−0.2
0
0.2
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c
C(ωt = 50), N = 5
0.5 1 1.5
Figure 4. Effect of interactions on preservation of the coher-
ence C. Total number of particles N = 5, the temperature
kBT = 3~ω, quadratic inhomogeneity b2 = 0.01. Top: typical
short time evolution of C for several interaction strengths de-
noted in the bottom image by dots, the noninteracting case
is denoted by thick black line. As evidenced by the Figure, it
is possible to approximately double the time of decoherence
(when the contrast attains half of its original value). Bottom:
〈Sx〉 at ωt = 50 for various values of interaction strengths
parametrized by g and c. Please note that the same interac-
tion range is used in Fig. 3.
gled. In the following paragraphs we study the dynamics
of the squeezing parameters, assuming the initial spin
state prepared by TACT Hamiltonian (Eq. (13)).
Our results are shown in Fig. 5. For 10 particles even
for relatively long evolution time, ωt = 30, one can re-
store squeezing ξ < 1 in certain windows of parameters,
which corresponds to delay of the decoherence time of
about 75% (for N = 5 the decoherence time can be de-
layed by about 60%). The large interaction strengths
are not desired: they are outside the parameter range
required by spin-self rephasing (a result of Elat increase)
and induce strong correlations along with complicated
spatial dynamics.
Our results indicate that the protection of squeezed
states is lower as compared to coherent states, however
0.1 0.2 0.3 0.4 0.5
−0.1
0
g
c
t/t0 such that ξ
2(t) = 1, N = 5
0.2 0.4 0.6 0.8 1 1.2 1.4
5 · 10−2 0.1 0.15 0.2 0.25 0.3
−5
0
·10−2
g
c
t/t0 such that ξ
2(t) = 1, N = 10
0.2 0.4 0.6 0.8 1 1.2 1.4 1.6
Figure 5. Effect of interaction on preservation of squeez-
ing parameter ξ2 for various values of interaction strengths
parametrized by g and c. The color is correlated with the
time of decoherence t at which squeezing parameter ξ2 be-
comes larger than 1 as compared to the time of decoher-
ence without interactions t0. The temperature kBT = 3~ω,
quadratic inhomogeneity b2 = 0.01; total number of particles:
top: N = 5, bottom: N = 10. In both cases the squeezing
time (θ in Eq. (13)) is 0.05, leading to ξ2(N = 10) = 0.44
and ξ2(N = 5) = 0.69 at the beginning of the evolution.
In the case of N = 10 it is possible to increase the time at
which ξ2 becomes higher than 1 by a factor of 75%, for N = 5
this time can be increased by about 60%.
still reasonably large to expect good results when num-
ber of particles is higher. Schrödinger cat states – su-
perpositions of two coherent states – on the other hand
are known to be extremely fragile to any source of noise,
which is reflected in our simulations: their coherence is
quickly lost and particle-particle interaction offers no pro-
tection.
IV Discussion and conclusions In this paper we
investigated ab initio a system of several two-level parti-
cles (pseudo-spins) in one-dimensional harmonic poten-
tial. In such an approach, all effects typically consid-
ered in metrology in an approximated way, such as col-
lisional shift, noises, or identical spin-self rotation effect,
are automatically and rigorously taken into account, as
incorporated in the dynamics generated by a many-body
Hamiltonian.
7The subject of the paper is to show that the spin-self-
rephasing mechanism can be used to prevent decoherence
of the entangled states induced by a inhomogeneous mag-
netic field. In the semiclassical description, each pseudo-
spin would rotate around magnetic field polarization axis,
with an angular velocity depending on the value of the
local field B(x). As a result, the collective spin decays
in time. From one point of view, the dephasing is caused
by populating a space with a total spin of less than N/2.
This unwanted process can be inhibited by tuning the
interactions between particles: in the interacting system,
the subspaces with different total spin have different in-
teraction energies, which stops the population transfer
between them [6]. On the other hand, even if the state
remains completely symmetric (total spin j = N/2), the
interactions also contribute to the different type of de-
phasing, as shown in Figure 4. One such effect is the
introduction of collisional shift, and in the case of larger
interactions, even non-linear effects leading to phase col-
lapse. In the light of emerging quantum technologies, it
is not clear whether the interactions can be used to pro-
tect entanglement. In this article we have shown that
there is a window of parameters in which the squeezed
state obtained from the TACT model is stable despite
the presence of nonlinear magnetic field. In the example
for 10 particles, the time scale at which the squeezing
disappears can be extended by a factor of 75% using rea-
sonably low interaction strengths.
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Appendix: Simulation method Our implementa-
tion provides a way to determine the evolution of state
vectors and expectation values of observables of a sys-
tem consisting of several bosons in weakly inhomogenous
harmonic trap, both in high and low temperature limit.
The numerical simulations assume unitary evolution gen-
erated by Hamiltonians composed of
1. pseudospin components, Sx, Sy, Sz, and polynomi-
als of them, S2z , SxSy + SySx, . . .,
2. spin-position couplings, emerging from the trap in-
homogenities:
∑
xˆi σˆz,i,
∑
xˆ2i σˆz,i, . . .
3. particle-particle interaction (Eq. (6)).
In high temperature scenario we use a Quantum Monte
Carlo technique, which requires construction of sub-basis
around fixed spatial Fock state, which corresponds to the
subspace traversed by the state under time evolution.
1 Initial state The initial state is assumed to be ther-
mal in spatial degrees of freedom and pure in spin: the
spin part is in fact assumed to be in the minimal spin
projection Sz eigenstate. The resulting state is subse-
quently rotated by Sy, so that it is now in maximal spin
projection of Sx, with the spatial degrees of freedom left
intact; if needed, the state can also be squeezed by TACT
Hamiltonian. This is motivated by usual experimental re-
alizations, in which trapped atoms are selected by their
internal state and left to thermalize in the trap, then a
sequence of pulses is applied to the trapped ensemble and
later evolution is studied.
2 Thermal state The initial state thus depends on the
properties of Hamiltonian restricted to the subspace with
minimal spin projection, Sz = −N/2. In low tempera-
ture limit, the relevant part of the Hamiltonian can be
diagonalized and the eigenstates evolved according to the
procedure described above with appropriate weights.
The simulation of high temperature states is more in-
tricate: relevant part of the Hamiltonian (i.e. the sub-
space in which majority of the population resides) has
high enough dimension so that no direct diagonalization
might be applied. There is however a method of ran-
dom sampling from the thermal density matrix, often
called Quantum Monte Carlo, which greatly reduces the
computational cost needed to determine the evolution of
initially thermal state at the expense of deterministic be-
havior. Consider the thermal density matrix,
ρT =
exp(−H/T )
Tr exp(−H/T ) . (15)
By denoting Tr exp(−H/T ) by Z, it is possible to rewrite
the above expression by inserting identity matrix:
ρT = Z
−1 exp
(
− H
2T
)[∑
i
|i〉 〈i|
]
exp
(
− H
2T
)
. (16)
Sampling from the density matrix can now be understood
as approximating the identity matrix with finite number
of elements |i〉 〈i| – this is the same as choosing random
vectors from a (fixed) basis S with uniform probability
and evolving them by exp
(− H2T ). This of course works
the best if S is as close to the eigenbasis of H as possible.
In the simulations we have chosen S to be the eigenbasis
of harmonic oscillator without inhomogeneities and in-
teractions – since both of these terms of Hamiltonian are
small as compared to the bare harmonic oscillator energy,
the assumption is fulfilled.
The sampled vectors are not normalized, since
exp
(− H2T ) is not unitary. This is anticipated behavior:
length of the vector indicates the relative weight when
the sampled ensemble is brought together in order to
calculate the expectation values. Samples can be further
evolved unitarily to determine the dynamics of a system,
and this is the procedure employed in the simulations.
In our case, samples are drawn until the appropriate ex-
pectation values in the relevant time span converge to a
stable value.
Appendix: Importance of spatial dynamics
Proper treatment of spatial degrees of freedom is im-
8portant in order to obtain meaningful result, especially
when large interaction strengths are present. To deter-
mine the effect of spatial dynamics, we have performed
additional simulations with artificially restricted basis.
The restriction effectively reduces the effect of particle-
particle interactions to energy shift, which is not an ac-
curate description for high interaction strengths. This is
illustrated in Fig. 6, in which results analogous to these
in Fig. 5 are presented. The discrepancy between the
two pictures is clear and demonstrates importance of full
quantum description in analysis presented in this paper.
However, such simplified simulations are convenient in
analysis of noninteracting bosons. Provided the mag-
netic field is small, little spatial dynamics is introduced,
the description is sufficient and useful in calculation of
e.g. evolution of squeezing parameter (Eq. (14)), which
depends on expectation values of two-particle operators
though variance.
5 · 10−2 0.1 0.15 0.2 0.25 0.3
−5
0
·10−2
g
c
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2(t) = 1, N = 10
(no spatial dynamics)
0.5 1 1.5 2 2.5
Figure 6. Figure analogous to bottom picture of Fig. 5
(preservation of squeezing parameter for N = 10), note the
same range of interaction parameters. In order to prepare this
picture, the simulation basis has been artificially restricted,
effectively leading to ignoring of spatial dynamics. The over-
simplified description leads to decoherence time delay of about
180%, far from 75% obtained with more accurate simulation.
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